The Cauchy problem for the generalized Boltzmann equation with dissipative collisions  by De Angelis, E. & Grünfeld, C.P.
Applied 
Mathematics 
Letters 
Applied Mathematics Letters 14 (2001) 941-947 
www.elsevier.nl/locate/aml 
The Cauchy Problem for the 
Generalized Boltzmann Equation 
with Dissipative Collisions 
E. DE ANGELIS 
Department of Mathematics, Politecnico of Torino 
Corso Duca degli Abruzzi 24, Torino, Italy 
deangeliOcalvino.polito.it 
C. P. GR~~NFELD 
Institute of Space Sciences, INFLPR 
P.O. Box MG-23, Bucharest-Magurele, Romania 
grunfeldQifin.nipne.ro 
(Received November 2000; accepted December 2000) 
Abstract-we prove the global existence, uniqueness, and pceitivity of solutions to the Cauchy 
problem, with general initial data, for a class of generalized Boltzmann models with dissipative 
collisions. @ 2001 Elsevier Science Ltd. All rights reserved. 
Keywords-Cauchy problem, Boltzmann equation, Dissipative collisions, Generalized Boltzmann 
models. 
1. INTRODUCTION 
The Boltzmann equation for a gas of identical particles undergoing dissipative collisions preserving 
mass and momentum, but dissipating energy was introduced by Esteban and Perthame [l]. 
The analysis of the Cauchy problem was developed in [l] showing that the existence theory of 
distributional solutions proposed by DiPerna and Lions [2] can be generalized also to the above 
class of equations. 
A model for gas mixtures was proposed in [3] where the hydrodynamic limit was studied obtain- 
ing a new class of hydrodynamic equations with energy dissipation corresponding to microscopic 
dissipation. The above model was developed in the framework of the so-called generalized Boltz- 
mann equation which is obtained, as shown in [4], by averaging the distribution function of the 
field particles within the action domain of the test particles. Reference [4] studies the Cauchy 
problem for the model of one-component gas with elastic collisions. In [4], one proves existence, 
uniqueness, and exponential trend to equilibrium of solutions for large initial data with finite 
mass, and also obtains the conservation relations of momentum and energy. 
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The present paper deals with the analysis of the Cauchy problem for the generalized dissipative 
equation for a one-component gas in the whole space. The main result refers to existence and 
uniqueness of the solution to the initial value problem for arbitrarily large time and for large 
initial data, under suitable assumptions on the pair interaction potential. 
This paper is organized into two more sections. In detail, Section 2 deals with a description of 
the model and with the statement of the main result. Section 3 deals with all technical proofs. 
The mathematical background for the analysis developed in this paper is the book of Glassey [5] 
devoted to the investigation of the Cauchy problem for Boltzmann models in the classical and 
relativistic case. Therefore, the analysis of the well posedness of the initial value problem is 
motivated by the fact that Boltzmann models with dissipative collisions are of interest for ap- 
plications, ss documented in the lecture notes edited in [6]. Moreover, the existence analysis is 
the necessary background for the rigorous derivation of hydrodynamic equations, as documented 
in [3] and [7]. 
Although this note refers to a one-component gas, the generalization for gas mixtures of par- 
ticles (possibly with dispersed masses) namely for the model proposed in [3] is simply a matter 
of technical calculations. 
2. MATHEMATICAL PROBLEM AND MAIN RESULT 
Consider a single species gas of equal particles with unit mass, undergoing dissipative collisions 
of the test particle with velocity v with a field particle with velocity w. Let fl E [0,1/2) be the 
parameter characterizing the energy dissipation. The post collision velocities are defined by 
v*=v+(l-@)(w-v,n)n, w* = w - (1 - p)(w - v, n)n, (2.1) 
where (., .) is the inner product in B3 and n is the unit vector in the direction of the apse-line 
bisecting the precollision and postcollision relative velocities. As shown in [l], the system is 
invertible and it provides the velocities C and \;t which produce the velocities v and w in the 
dissipative collisions 
+=v+ ( > 3 (w-v,n)n, G=w- (++$j)(w-v,n)n. (2.2) 
Notice that fl= 0 defines the fully elastic case, when v* = C and w* = G. For /3 E (0,1/2) mass 
and momentum are preserved in collisions, while for p E (0,1/2) energy is not preserved 
Iv*12 + Iw*12 = [vi2 + lw12 + 2p(p L 1) I(w - v,n)12. (2.3) 
In the following, we deal with the model describing the evolution of the one-particle distribution 
function f(t, x,v) in the framework of the generalized Boltzmann equation. This model was 
proposed in [4] and is based on the idea of averaging the distribution function of the field particles 
over the action domain of the test particles. In the case of absence of external forces, this leads 
to the following equation: 
;f + v. Vxf = J(f, f) = G(f, f) - W, f), (24 
where the gain and loss terms G(f, f) and L(f, f), respectively, are given at point (t, x, v) by 
1 R 
G(f,f) = (I _ 2p)l+Y o ss I (n, w - v) I’P(r, n)f@ WXS2 ,x, C)f(t, x + m, 6) dndw dr, (2.5) 
R 
Jw, f) = f(h x, v) 
ss 
I(n, w - v)J’yP(r, n)f(t, x + rn,w) dndwdr, 
0 W3XFP 
(2.6) 
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and 0 5 y < 1, R is the radius of the action domain of the gas particles, S2 is the unit sphere in lR3. 
Here, P : R+ x S2 -+ R+ is a suitable probability density function playing the role of the weight, 
averaging the distribution function of the field particles and it satisfies P(T, n) = P(r, -n). If 
P(,,n) = S(r), then (2.4) yields the Boltzmann equation for a gas of hard spheres undergoing 
dissipative collisions. 
Consider the Cauchy problem for equation (2.4) in the whole space 
if + v. 0x.f = J(f, f) = G(f> f) - L(f, fL 
f(O, x7 v) = fo(x7 v). 
(2.7) 
After integration along characteristics, problem (2.7) becomes 
df# 
- = J#(f, f) = @If, f) - L#(f, fh 
dt 
f(O, x, v) = fo(x, V)? 
(2.8) 
with the usual notations 
f#(& x, v) = f(& x + vt, v), (2.9) 
J#(f, f)(Gx, v) = J(f, f)(C x + vt, v), (2.10) 
and G#, L# are similarly defined. Problem (2.8) can be written in integral form, in some time 
interval [0, T] , 
I 
t 
f#(t, x, v> = fo(x, v) + J#(f, f)(s, x, v) ds, vt E [O,T]. (2.11) 
Jo 
DEFINITION 2.1. A function f = f(t, x, v) is a mild solution in [0, T] of (2.7) in a suitable Banach 
space B if f(t,-,.) E B, and (2.11) is satisfied in !3, Vt E [O,T]. 
Our main result states the existence and uniqueness of mild solutions of problem (2.7) in 
L1 = L’(R3 x R3; dxdv), with G and L operators in L1 defined on their natural domains by 
expressions (2.5) and (2.6). 
We first recall the definition of the overall mass, momentum and total kinetic energy in the 
whole space 
M(t) = s f(t, x, v> dxdv, (2.12) W3XR3 
P(t) = J vf(t,x,v) dxdv  (2.13) WXW 
E(t) = J w~xp~~lv12f(t,x,v)dxdv. (2.14) 
THEOREM 2.1. Suppose that there exists a constant ~0 > 0 such that P(r,n) 5 c,y2, T > 0, 
nES2. If 
0 5 (1+ Iv~“)~!~ E L1 (IX3 x Iw3; dxdv), 
then problem (2.7) has a unique positive mild solution f in [O,T], such that 
(1+ IM”)” f(t) E L1 (IX3 x R3; dxdv) 
and 
M(t) = M(O), p(t) = P(O), 0 5 E(t) = E(0) - R(t;f), (2.15) 
944 E. DEANGELS AND C. P. GR~~NFELD 
for ad t E [0, T] , where 
xf(s,x,v)f(s,x+rn,w)dndwdvdxdr. 
In addition, there is a constant C = C(T, fo) depending only on T and fo such that 
(2.17) 
Notice that if p = 0, then Theorem 2.1 states the existence and uniqueness of positive global 
solution for the Cauchy problem for the generalized Boltzmann equation [4] in the whole space. 
3. PROOF OF THE MAIN RESULT 
Theorem 2.1 develops the existence result of [4] ( namely Theorem 3.1 in [4]) to include models 
with dissipative or elastic collisions where P(0, n) = 0, as well as models where R = co and/or 
P(r, n) -+ 00 as r -+ 00 (long range space averaging). 
From a technical point of view, the existence result of [4] is consequence of a compactness 
argument, while Theorem 2.1 is obtained by applying a monotonicity method. Specifically, 
the proof of Theorem 2.1 uses Arkeryd’s monotonicity method [8] to deal with the difficulty 
that if 0 < y 5 1, then G and L are unbounded operators in Xe. The main idea of the 
analysis is to approximate the solution of (2.8) by an increasing sequence of solutions of problems 
of form (2.8), with new collision operators corresponding to truncated collision kernels. The 
equations are introduced by a monotonicity/positivity compensation method [8] based on the 
a priori conditions (2.15). The main difference with respect to the analysis of [8] follows from 
the fact that, in our case, we have to replace the conservation of the kinetic energy as a priori 
estimation by an explicit formula for the dissipation of energy involving (2.16). The use of this 
a priori estimate imposes stronger conditions on the initial data than in the case of the Cauchy 
problem for the model with elastic collisions. 
The method developed in [8] for the space-homogeneous Boltzmann equation can be still ap- 
plicable to the space-dependent problem (2.7) because by space averaging, the collision terms of 
the generalized Boltzmann equation can be defined as well-behaved operators in L1. 
In order to prove Theorem 2.1, we introduce the space of functions 
x,= g:lR3xR3+R: 1 (l+/v12)r9EL1} 
for r 2 0, endowed with the norm 
lIdI, = s,.,,. (1+ $)’ ldx~v)l dxdv. 
(3.1) 
(3.2) 
Denote by 5 the order on X,, induced by the natural order of L1. 
Now, for 1 = 1,2,. . . , define 
and 
B,(w -v,n) = 1 I(w--,n)lY, if ](w -v, n)] I (1 - ZP)l, (1 - 2pp7, if I(w - v,n)l > (1 - 2P)Z, (3.3) 
@(w-v,4 = 
{ 
I(~--~n)l~, if ](w - v,n)] 51, 
Iy (3.4) 
7 if ](w - v, n)] > 1. 
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Suppose P as in Theorem 2.1 and let GZ and Ll be the locally 
vg E Xo, by 
Lipschitz operators in X0 defined, 
1 R 
SJ 
L 
G(g,g) = (1 _ 2p)1+7 o Bl(w - v, n)P(r, n)g(x, f)g(x + rn,\;ir) dndw dr, (3.5) 
W3XS2 
J5(g,g) = S(%V> I”s,3x,. &(w - v, n)P(r, n)g(x + m, w) dndw dr. (3.6) 
Consider now the following Cauchy problem in X0 = L’ 
@ = J,#(fiJi) = @(fi,fi) - LE#(fi,_fi), dt 
fi(O,X,V) = fo(x,v), 
(3.7) 
for t E [0, T]. Due to the choice of Bl and Bl, the positive solutions of (3.7) (if any) satisfy mass 
conservation, i.e., M(t)110 = IIfi#(t)ll0 = Ilf0llO. 
It appears that the positive solutions of (3.7) in Xe are exactly the positive solutions of problem 
(in X0) 
satisfying Ilfi(t)Ilo = Ilf 0 o II , f or some arbitrary constant K > 0. 
Observe that Gl and the operator in X0 defined by 
Xo 3 h H K llhllo h - .b(h, h) E Xo, (3.9) 
with K sufficiently large, are positive and monotone (increasing) with respect to the order. For 
such a K, standard fixed-point arguments imply that problem (3.8) has a unique positive local 
solution fi. This solution can be made global due to the mass conservation ]]fi(t) 110 = ]]fc]]s. In 
addition, if fs E Xi, then fi(t) satisfies the overall momentum conservation and the dissipation 
formula 
/I /I fI%> 1 = Ilfdt)lll = IlfOlll - h(Cfd, (3.10) 
where 
0 L &(t; fz) = fPcl - P) s” ds JR / lb - w412 Bdw - v, W(r, n) 
0 0 W~XIft~XlR~X8~ 
c3 11j 
x ft(s,x,v)fi(s,x+rn,w)dndwdvdxdr. 
Observe that for K fixed and sufficiently large fi(t) is the limit of an increasing (iteration) 
sequence with positive elements (fi,j(t))jM_l obtained from (3.8) by defining 
fi,i(t)(x, v) = e- K”fO”tfc(x - vt, v) (3.12) 
and 
for j 2 2. 
f$+i (t) = eVKllfollt f0 +Jnte- [ K”fo’i(t-s) Gf(f~, &)(s) 
- &kj, J%)(S) + K Ilfi,j(4110 .f&,] ds, 
(3.13) 
NOW, we need the following form of the Povzner’s inequality [g]: 
IIJkwI)llr I CT (l1911r II9111 + ll~llr-l 11~112) 7 (3.14) 
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where 0 5 g, 1 2 I- and the constant C, > 0 does not depend on 1. We recall that formula (3.14) 
can be easily obtained by virtue of (2.3) applying the obvious inequality [9] 
d + br < (a + b)’ < d + b’ + C (ab”-’ + d-lb) 
valid for 0 5 a, b, 1 5 T, where C > 0 is some constant. 
Then, by induction upon j in (3.13) and successive application of (3.14) with g = fi,j, T = 2, 
r = 3, it can be shown that if 0 < fs E X3, then fl(t) E Xs and satisfies an inequality of 
form (2.17), with the constant C independent of 1. 
In the following, suppose that 0 < fa E X3. Then, due to (3.10), fi also solves the equation 
g +K (I + y) llfoll1fi# = Gl#tfi,fd -L1#Wi) 
(3.15) 
Replacing Ll by L in (3.15) yields a new problem for the unknown fl 
where the operator in Xc defined by 
Xr, 3 h I-+ K ((h]], h - L(h, h) E Xc,, 
with K sufficiently large, is positive and monotone. In addition, Gl and 
are positive and monotone and satisfy Gl I Gl+r and &(t; .) _< &+i(t; e). 
the functional Rr(t; a) 
As in the case of (3.8), for K fixed and sufficiently large, one iterates (3.16) obtaining a sequence 
(fi,j(t))gr of positive and increasing functions. The sequence is also bounded by fi(t) as results 
by induction, comparing (&(t))$Yr with fi(t) as a mild solution of (3.15). 
Since Xc is monotone complete [lo] ( i.e., bounded increasing positive sequences are convergent), 
there is some h(t) E Xc such that (_&j(t)) / $1(t) in Xc as j --+ 00. This implies easily that 
fi(t) is a mild solution of (3.16) in Xc. Moreover, 0 5 ii(t) < .I. 5 &(t) 2 . .. and 
(3.16) 
(3.17) 
II II m T I Il.fd~)Ilr I G- Ilfoll, 7 (3.18) 
for T = 1,2,3. Again, by monotone completeness, there is f(t) E X3 such that 
l-+00 + (3.19) 
and 
llf(Gllr I Gllfolln T = 1,2,3. (3.20) 
Moreover, 
Ilf(~)lll I IlfOlll - WC f). (3.21) 
It appears that f is a positive mild solution of (2.7) if there is equality in (3.21). Uniqueness 
results from the fact that by construction, f < f’ for any positive solution f’ of the equation 
obtained by taking 1 + co in (3.16). 
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The fact that (3.21) actually holds with the equality sign follows from 
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1 -+ 00 --r. Al(t) = lIf&) - j(t)$ -+ 0, 
V’t E [O,To], for some 2’0 > 0. Obviously, (3.22) is true if 
(3.22) 
t 
Al(t) I c 
s 
Al(s) ds + o(l), (3.23) 
0 
where the.constant c does not depend of 1. To obtain (3.23), one first replaces llfolll in (3.16) 
by llfolll = Ilfi(t)lll + Nt;fd. Th en, subtracting the integral form of (3.16) from the one 
of (3.7), it remains to estimate conveniently the X2 norm of the r.h.s. of the equality resulting 
from subtraction. To this end, one writes the norm taking into account that fi(t) 5 fi(t). Then, 
(3.23) follows using the properties of L, Ll, and IIfi(t)llr I Ilfi(t)Il,. and applying the expressions 
obtained by setting g = fi, h = fl in the inequalities 
and 
Mt;g) - &(t; h)l 5 CRY 119 - hll2(ll~ll2 + llhlld, h,gE& (3.24) 
M(g) - JdW, 5 CJllg - hlldll~llz + IIf+)> OlhlgEXzr (3.25) 
with constants CR and CJ independent of 1. Inequality (3.24) follows easily from the definition 
of RI, while (3.25) can be deduced as (3.14). 
Finally, observe that (3.22) implies that the solution f satisfies the conservation/dissipation 
relations (2.15). This concludes the proof of the theorem. 
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